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Abstract 

This investigation follows up the suggestion that the equation of state 
for superconducting cosmic strings provided by Witten's prototype biscalar 
field model can be well represented by an effective Lagrangian of simple log- 
arithmic form depending on only 3 independent parameters. The numerical 
work described here confirms the validity of this approximation, and initiates 
the evaluation of the 3 required parameters, as functions of the masses and 
other parameters specifying the underlying U(l) x U(l) scalar field model 
in the limit for which the relevant gauge coupling constants are small. In this 
limit, subject to calibration of the relevant length and mass scales, the scalar 
field model is characterised by just 3 dimensionless ratios which (in order to 
provide conducting strings) must be subject to three inequalities (of which 
two have obvious analytic expressions). It is found here that when all three 
of these inequalities are satisfied by a reasonably large margin, there is a 
simple empirical formula that can be used to provide a fairly accurate pre- 
scription for the algebraic dependence on these 3 dimensionless ratios of the 
3 parameters required for the logarithmic equation of state. 
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1. Introduction 



This work is a contribution to a program whose purpose is to provide ap- 
propriate equations of state - expressible as prescriptions for an appropriate 
Lagrangian action density on the world sheet - for conducting string mod- 
els of the kind needed for description of Witten's bosonic superconducting 
string mechanism [T], of which a potentially important consequence [2] is the 
formation of vortons. 

As a generalisation of the Nambu Goto prescription, which is simply a 
constant, Witten originally suggested pQ that (in the absence of electromag- 
netic background fields) as a function of the quadratic norm, w = <fi<p\ of 
the surface gradient with components cpi = ip ti of the relevant scalar phase 
field if, the action density on the 2-dimensional string worldsheet might be 
taken to have the linear form 

L = -m 2 - \k q w , (1) 

depending on just two constant parameters m (interpretable as a Kibble 
mass scale) and Kq. It is evident that such a simplification can not provide 
a description of the effect of saturation when the current is large. However 
a more serious weakness is that even for the weak current limit in which w 
is very small such a linear expression can not provide a satisfactory descrip- 
tion of the propagation of small longitudinal perturbations, whose velocity 
depends not just on the first but also on the second derivative of L with 
respect to w. 

To provide an acceptable description of perturbations in the weak current 
limit, as well as of what has been found [3] to occur when the current is larger, 
it has been proposed that, rather than the Lagrangian itself, it is the inverse 
of the derived quantity 

* - < < 2 > 

that should be taken to be linear. This means that the Witten formula §T§ 
should be replaced by an expression of the logarithmic form 

L = -m 2 - \ml In {1 + <5 2 w} , (3) 

which depends on three fixed parameters, of which one is the Kibble mass 
scale, m (as before) while the others are a secondary mass scale m 4 and a 
lengthscale 5*, whose squared product is identifiable with the original Witten 
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model parameter, k . The latter is interpretable as the zero current value of 
the quantity (j2J) which for non zero values of w will be given by 



l + 6*w 



2x2 



(4) 



Models of this kind are a special subclass within the general category 
needed for studying properties of generic conducting string models, of which 
an important example is the analysis [51 El [7J [8] of the stability of their 
vorton (closed loop) equilibrium states. Whether the particular logarithmic 
form (j3J) will be able to provide a good description for conducting string 
defects in realistic field models such as those of the standard electroweak 
theory and its various extensions P, [10] is a problem that will be left for 
future work. The present article will be concerned just with its application 
in the restricted class of toy U(l) x U(l) field models proposed in this context 
by Witten. 

Our purpose here is thus to investigate the dependence of the three param- 
eters m, m%, 6%, in the logarithmic string model on the various parameters 
needed in Witten's class pQ of toy field models. It was already recognised in 
the earliest pioneering exploration of the relevant parameter space [11] that 
there will only be a restricted part of it for which the non-vanishing currents 
envisaged by Witten will actually be able to occur. Outside the parame- 
ter domain of this restricted Witten subclass, the ensuing string model will 
merely be of the Nambu Goto type, as obtained from the Witten formula 
([I]) by setting n = 0, or equivalently from the logarithmic formula (J3J) by 
setting m* = 0. 

One of the main advances in the present work will be to provide a much 
more accurate and complete description of the conditions that are necessary 
and sufficient for the characterisation of this Witten domain within the en- 
tire parameter space of the Witten class of toy scalar field models. Near 
the boundaries of this domain, the parameter dependence of the quantities 
characterising the conducting string model turns out to be rather sensitive. 
However better behaviour is obtained whenever the necessary inequalities 
are all satisfied with a reasonably large margin, and in such generic circum- 
stances it is found that simple algebraic formulae can be provided for the 
specification with reasonable accuracy of the empirical string model param- 
eters m, m+, 5+ as functions over the Witten domain in the parameter space 
of the underlying scalar field model. 
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2. Specification of the class of field models 

The Witten class of superconducting string models, to which the present 
work applies, is characterised by appropriate parameter restrictions within a 
more complete category that has recently been set up for a different purpose 
by Saffin [12], whose concern was with another part of the relevant parameter 
space where it gives rise to strings that are non-conducting but that are 
instead characterised by not just one but two independent winding numbers, 
a feature that gives rise to the possibility of string junctions [T51 [T4"] . 

The complete U(l) x U(l) category [12] consists of Abelian models involv- 
ing a pair of complex scalar fields ^a with label a = 1, 2 that are coupled by 
a potential V but subject to a Lagrangian of the (rationalised) form 

£ = ~ E (|(^a)2^a + ^V^") - V , (5) 

in which the kinetic part is entirely decoupled, meaning that each of the 
scalar fields ^a is subject to the gauge action only of its own corresponding 
Abelian connection A a ^ with corresponding field F a ^ v = 2V[^A a u -\ according 
to the simple specification whereby each has its own charge coupling constant 
e a in terms of which T>^ a = (V^a — ie^A 3 -^) 1 ^ a . Each complex scalar is 
expressible in the usual manner, ^a = <Aa exp{i<^ a } in terms of a real phase 
angle tp a and a real amplitude ip a . Only the amplitudes are involved in the 
potential, which is taken to be given in terms of a pair of mass scales fj a by 
an expression of the quartic form 

V = \ E ^"(^a 2 - ^a 2 )(V'b 2 - V* 2 ) + V (6) 
4 ab 

in which the A ab are the three independent components of a symmetric 
matrix that is restricted by the condition that V must be bounded below, 
and V is a dynamically redundant constant included for the purpose of 
adjusting the lower bound of V to be zero. This condition evidently requires 
that the diagonal coefficients should both be positive A 11 > , A 22 > 0. It 
can be seen that a further necessary and sufficient condition for the potential 
to be bounded below is that the off diagonal component should be subject 
to the lower bound A 12 > — V A 11 A 22 . Saffin's concern [12] was with the class 
characterised by positivity of the determinant A 11 A 22 — (A 12 ) 2 itself, for which 
(with V = 0) the vacuum is characterised by simultaneously non-vanishing 
field values if) 1 = ry 1 and r tp 2 = r/ 2 . 
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It is the opposite alternative possibility with negative determinant, as 
specified by the more restrictive lower bound 



A 12 > VA"A» (7) 

that characterises models of the Witten class with which we are concerned 
here. In this case the potential has minima where one or other of the fields 
vanish, specifically - setting rj^ = f)^ + A 12 r) 2 /A 1:l and r\ 2 = f) 2 + \ 12 r)^/\ 22 - 
where i\) x = with -ip 2 = rj 2 , and where -ip 2 = with ip 1 = rj 1 . The vacuum 
state itself (excluding the degenerate case for which the minima are equal, 
which gives a model with domain walls) will be the one for which V is lowest. 
Without loss of generality this can be taken to be the latter, where 'ip 2 = 0, 
by choosing the labelling so that the new mass scales satisfy 

A 11 7)1 > A 22 ril , (8) 

rather than the other way round. With his convention we shall be left with 

v = ^ - o 2 + ^i^i + ^i^i - H) ■ o) 

after suitable adjustment of the additive constant The effective masses, 
m 1 and m 2 say, of the primary (Higgs type) and secondary (carrier) fields 
(namely ^ and ^/ 2 ) will then be given respectively by the formulae 



m 



- A 11 ^ 2 , ml = A 12 r)l - A 22 ry 2 2 , (10) 



the requisite positivity of the latter being guaranteed as an automatic con- 
sequence of the inequalities ([7]) and ([H]). 
The lengthscale 

* = - = ^= (id 

associated with the primary field will roughly characterise the effective core 
radius of the ensuing string type vacuum defects. In order for such string 
defects to be strictly local (with finite world sheet energy density) we now 
follow Peter [3] in restricting our attention cases in which there is no coupling 
to any external electromagnetic field by setting e 2 = 0. Far outside a string 
defect the field configuration will then converge towards the vacuum with 
an exponential cut off lengthscale £ (of the kind known in the context of 
ordinary metallic superconductivity as the London length) given in terms of 
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the coupling constant e 1 of the other (non-electromagnetic) gauge field by 
the formula 

? = 4-2 ■ ( 12 ) 

The well known Bogomolny limit condition - in the case for which the carrier 
field is absent - is simply that these lengthscales be equal I = 5, which occurs 
when the coupling has the critical value = 2A 11 . However our concern here 
will be with the weak coupling limit within the type II range characterised 
by the condition £ > 5. It is convenient to write 

(13) 

so as to define a positive dimensionless charge coupling constant a in terms 
of which this type II range is characterised by the condition a < \/2. In 
addition to this dimensionless parameter a, the system will be fully charac- 
terised qualitative, meaning modulo rescaling, by three other dimensionless 
parameters, which can be conveniently taken to be the mass ratio 

?=^, (14) 

and the pair of ratios 

7 * 73 (15) 

In terms of these, the necessary (but as we shall see, not quite sufficient) 
inequalities (JTj) and (jHJ) characterising the Witten subclass can be written 
conjointly as the condition 

ctll < 7 2 < ll ■ (16) 



3. Cylindrical vortex configurations 

The string model for a vortex defect of the vacuum is based on the as- 
sumption that a small segment thereof can be represented by a stationary 
cylindrically symmetric configuration in which, in terms of constants u, k, n, 
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of which the latter is an integer winding number, the fields will be specified 
with respect to cylindrical coordinates {t, r, 9, z} by the ansatz 

e 1 A fJ ,dx' J -=(n-P)d9 , ^ = t}Jx exp{in 9} , ^ 2 = rj 1 f exp{ikz-iut} , (17) 

in which the quantities P, h, f depend only on the radial coordinate r, and 
are subject to the boundary conditions 

P^n, h — > 1 , / — >• , as r^oo, (18) 



P^O, h^O, ^"->0, as r^oo. (19) 

dr 

The corresponding macroscopic string description, of the kind discussed in 
the introduction, will be obtained by taking 

L = 2tt [Crdr, k = 2tt ftp 2 r dr , w = k 2 - uj 2 , (20) 

subject to the field equations. Using a prime for differentiation with respect 
to the dimensionless radial coordinate defined in terms of the lengthscale (TTTj) 

as 

x = m 1 r , (21) 
these field equations will be given by 

fP'Y 2 Ph 2 , . 

— =« , 22 

\ x y x 

i( x h') f = ^ + h(h 2 -l) + j 3 f 2 h, (23) 
x or 



/')' = — 2 f + l2 f(f - q 2 ) + 7 3 fh 2 ■ (24) 

x 



4. Procedure for empirical matching of the equation of state 

Numerical application of the foregoing procedure can in principle pro- 
vide an exact equation of state specifying the dependence of L on w. The 
suggestion [4] that the simple logarithmic formula ([3]) can provide a good ap- 
proximation to the exact result was motivated by the earlier analysis of Peter 
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[5] which shows that a singularity will occur when the energy associated with 
the current reaches the threshold for creation of particles of the carrier field 
with the mass m 2 given by ffTO]) . which can be seen to occur when w = —m 2 . 
On this basis, the appropriate value for the parameter 5+ in the equation of 
state can be evaluated in advance simply as 

6* = — . (25) 



To complete the specification of the logarithmic formula ([3]) it remains 
only to obtain the mass parameters m and m* which will both be obtainable 
from knowledge just of the zero current limit, by evaluation of the corre- 
sponding values L and k as given by the integral formulae (12"0"|) for L and 
k when w = 0, from which one will obtain 

m 2 = -L , ml = m 2 n . (26) 

This case w = includes the strictly static configuration characterised by 
uj = as well as k = 0, for which the field equations will be obtainable just 
by minimisation of the corresponding energy integral. In view of the staticity 
the latter will be equal in magnitude but opposite in sign to the Lagrangian, 
which takes the form 

L Q = - V 2 U, U = 2ttJs x dx , (27) 
in which the dimensionless rescaled energy density is given by 

2^ = 4r + ^ L + ^ + ^7 iL + 73^ 2 + / /2 + 7 2 V-^^ 2 - ( 28 ) 
crar x z 2 2 



Subject to the minimisation of the total energy integral U, the corre- 
sponding expression for the required condensate integral will be 

2 

k = 2t3^ Jf 2 xdx. (29) 
We thus end up with the integral prescriptions 

^ = U, ^ = ( l3 - l2 q 2 )2njf 2 xdx. (30) 
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5. The third restriction 



It is to be noticed that all the terms in ( 1281) are positive except the 
last, which is homogeneously quadratic in /, and that it is only where the 
magnitude of this last term exceeds that of the other terms quadratic in / 
that local minimisation will leave a non vanishing value for this condensate 
amplitude /. In particular this will occur only where 7 3 h 2 < 7 2 q 2 , which 
for winding number n = 1 means roughly where 7 3 x 2 < 7 2 q 2 , since it is to 
be expected that the order of magnitude of the primary field will be given 
roughly by h ~ 1 for x > 1 and h ~ x for x < 1 . The implication that 
non-vanishing values of / must be roughly confined within the thin tube 
characterised by x 2 ^ <? 2 7 2 /7 3 entails that the squared fractional gradient 
of / in the tube should on average satisfy (f'/f) 2 ^ 7 3 /(7 2 <? 2 ) • However 
this conflicts with the requirement that the term f' 2 in (1281) should also be 
dominated by the final term, — ■y 2 q 2 f 2 , unless we have 



which, in view of ( Fl6l) entails that we must also have 7 3 > 1 . 

The implication of this is that, in order for the secondary field to provide 
a non vanishing condensate, as measured by the sectional integral k given by 
f l2"9"j) . and thus as a prerequisite for string conductivity, the two inequalities 
in (Tip]) are not sufficient. To fully characterise the required Witten subclass, 
they must be be supplemented by a third parameter restriction that will 
evidently be given roughly by (13T1) and that has been obtained in a more 
precise form by numerical work. 

This third restriction may be expressed in conjunction with the other two 
of the form 



in which c 3 is a dimensionless quantity of order unity. Whereas we had 
expected that it might also depend weakly on 7 2 or on q 2 our numerical 
computations have shown that (in the weak gauge coupling limit considered 
here) the lower bound c 3 can be specified with high accuracy as a function 
only of 7 3 . The result obtained for the weak dependence of c 3 on 7 3 is plotted 
in Figfj], from which it can be seen that for large values of 7 3 it increases 
towards a value given roughly by c 3 ~ 1.4. 



7 3 ^ 7 2 V , 



(31) 



c 3 7 3 < 7 2 V < 7 2 < 7 3 • 



(32) 
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Figure 1: The value of c 3 (defined as the lower bound for <7 4 7 2 2 /7 3 ) is plotted 
(for weak gauge coupling, a = 0.005) as a function of 7 3 over the allowed 
range of the latter, which must always be greater than about 0.3. 
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6. Formula for the generic (non-marginal) case. 

Provided the conditions (l3Tj) are satisfied not just marginally but by a 
wide margin, the gradient term f 12 in (1281) will be negligible so the con- 
tribution from / will be effectively algebraic and thus minimisable locally, 
providing the approximation f 2 ~ q 2 — /i 2 7 3 /7 2 in the tube where this is 
positive, and f 2 ~ outside. Again on the supposition that we shall have 



h , « x inside the tube (whose radius will therefor be given by x ~ <?y7 2 /7 3 ) 
this provides the corresponding rough order of magnitude estimate 



7 3 «7 2 V lf 2 xdx*pl (33) 

for the integral needed in the formula fl29l) for the evaluation of k . 

The implication is that this quantity will be given by a formula of the 
form 

7 2 ?/ 1 ¥ _ A 2 V 

in which c 2 is a coefficient that will be non-zero only when the condition 
( l3Tj) is satisfied, and that will tend, when (I3T]) is satisfied by a wide margin, 
towards a roughly constant order of unity value, c 2 ~ 1 . 

In order to verify this, and to obtain a more precise estimate for the 
coefficient in (13^1) it is convenient to use this equation as a formal definition 
for the parameter C2, in terms of the quantity k given by as the integral 
of f 2 for a chiral solution. On the basis of this definition, we have evaluated 
C 2 as a function of given 7 2 , and q 2 for various fixed values of 7 3 taken well 
within the allowed range, that is for 7 3 ^> 1. The results for the particular 
values 7 3 = 30, 7 3 = 100, and 7 3 = 300 are given in the three successive 
plots of Figure [2J which show contours for fixed values of the quantity 7 2 g 4 
at levels up to its marginal upper limit 7 2 g 4 = 1. So long as 7 2 g 4 is neither 
too close to this upper limit nor too near its lower bound (which decreases 
as 7 3 increases) it can be seen that over a wide range of 7 2 the value of c 2 is 
roughly constant with a value of the ratio c 2 /(2ir) that is close to unity, so 
that a reasonable approximation will be obtained by taking 

c 2 ~ 2vr . (35) 



With 5* given in advance by ( l25l) . and with the parameter n - and hence 
also m 2 = k /S 2 - determined by the coefficient c 2 , the only quantity still 
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Figure 3: The value of m 2 / {2irri1) is plotted against the coupling constant 
a, using a straight dashed line for the prediction of the equation (136]) and 
a solid curve for the numerical data, which can be seen to fit the suggested 
form (36) very well for small a but to deviate - as expected - for a > 0.1. 

needed for the complete specification of the logarithmic equation of state ([3]) 
is the value of the Kibble mass m itself. For this, dimensional considerations 
suggest, that a reasonably good description will be provided by an expression 
of the form 

m 2 = c lV 2 In , (36) 

in which, when the coupling is weak, a 2 C 1, the coefficients will have 
roughly constant order of unity values. 

As shown by Figure El his expectation seems to be confirmed by our 
numerical computations which have given the values 

Cl ~ 3.11 , c ~ 1.05. (37) 
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7. Conclusions 



In this study of superconducting strings in the weakly coupled limit 
(a <C 1) of the U(l)x U(l) field model of Witten, it has been found that in 
order to provide such conducting strings, the parameters characterising the 
field model must satisfy the necessary and sufficient conditions given by (|32|) . 
The applicability, as a reasonably good approximation, of the previously sug- 
gested logarithmic form ([3]) for the effective Lagrangian characterising the 
equation of state has been confirmed. In terms of the parameters character- 
ising the field model by the specification of the relevant potential ([HD, the 
required length scale 5* will be given by ( 125]) and our numerical results (1371) 
suggest that the relevant Kibble mass scale m (which is all that is needed 
in the non-conducting Nambu Goto limit) may be taken with reasonable ac- 
curacy to be given, according to (136]) . by an ansatz of the easily memorable 
form 



For the condensate integral n needed to complete the specification of the 
equation of state by providing the other required mass scale m* using (BJ, 
the formula (134]) provides a corresponding estimate 



that will be valid as a reasonable approximation when the conditions (132]) 
are satisfied with a large margin, i.e. when 
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